Heat Transfer with Simultaneous Chemical

Reaction: Film Theory for a Finite

Reaction Rate

Heat transfer rates between a fluid
and a surface of different temperature
may be appreciably modified if stable
concentration gradients are established
in the boundary layer. In such cases
an enthalpy flux results from wmass
transfer, in addition to the heat trans-
fer caused by temperature gradients.

If there is frosting of a humid air
stream jn the boundary layer near a
cold wall, for example, the water mole-
cules” diffusing to the wall and freezing
will result in a net increase in the total
heat transfer over that obtained where
no frosting occurs.

A more interesting example appears
in those cases where chemical reactions
occur in the boundary layer or on the
solid wall. The chemical transforma-
tions cause concentration gradients and
enthalpy fluxes as the reactants diffuse
into, and products diffuse out of, the
boundary layer. In addition to the ef-
fect on the heat transfer rate, the ef-
fective heat capacity of the fluid may
be greatly increased.

Recent interest in the effect of chem-
ical reactions on heat transfer rates has
stemmed from the fact that endo-
thermic dissociation of air and other
atmospheric gases takes place in the
boundary layer of high-speed areody-
namic vehicles. Such dissociation may
significantly affect the rate of heat
transfer (I, 14, 25, 26, 27, 31, 39). In
this same general area, cooling of
rocket motors is affected by the exo-
thermic recombination of chemical
fragments near the chamber walls
(31). There are numerous instances in
the chemical processing industries of
heat transfer to reacting gas mixtures.
An example is the thermal cracking of
light paraffins to produce ethylene
(35). Reacting gas mixtures have also
been proposed for coolants in nuclear
reactors.

In recent years a number of people
have analyzed in some detail the inter-
actions among the mass, momentum,
and heat transfer rates (I, 11, 15, 16,
21, 82, 33), but few have considered
the effect of finite chemical reaction
rates. Very slow reactions have of
course little effect on heat transfer, and
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very rapid rates result in the assump-
tion of local chemical equilibrium at all
points in the boundary layer. The lat-
ter case has been thoroughly studied
by a number of investigators by means
of the nitrogen tetroxide = 2 nitrogen
dioxide system (6, 23, 24, 30, 34, 37).
The decompositions of iodine and oxy-
gen have also been studied (15, 2I).

The nitrogen tetroxide decomposi-
tion was chosen for most studies since
it is a rapid, homogeneous reaction
with a large endothermic enthalpy
change. Also, for convenience of ex-
perimentation, wall temperatures be-
tween 100° and 300°F. are sufficiently
high to result in almost complete de-
composition. The necessary physical
and thermodynamic properties of the
system are known (7, 9, 12, 13, 20,
22, 28, 29), and experimental measure-
ments of the heat transfer coefficients
have covered a wide temperature range
in both laminar and turbulent flow,
with various system geometries (6, 23,
24, 30, 34, 37). Both experimental and
theoretical studies have shown that
the standard Nusselt-Reynolds-Prandtl-
number correlations were applicable if
effective heat capacities and thermal
conductivities were employed and if
allowances were made for the tempera-
ture variation in these properties in the
boundary layer.

Thus the work to date has been con-
cerned primarily with general review
articles and detailed investigations of
the heat transfer rates with nitrogen
tetroxide decomposition. The case of
heat transfer from dissociated air with
a finite recombination rate has been
examined by Fay and Riddell (14),
who integrated the laminar-boundary-
layer equations numerically. This same
case, with a linearized reaction-rate ex-
pression, was examined by Broadwell
(5) to determine the effect of various
reaction rates on temperature and con-
centration gradients. Brokaw (8)
adopted a similar approach in analyz-
ing the effect of finite kinetics upon
thermal conductivity. The approach
taken in the present paper is similar in
many respects to the approaches of
Broadwell and Brokaw, but the results

A.1.Ch.E. Journal

P. L. T. BRIAN and R. C. REID

of Technology, Cambridge, Massachusetts

are presented in a different form and
are interpreted from a different point
of view. The present analysis is based
upon a film theory model and is re-
stricted to the case of a very small tem-
perature-driving force. This permits the
solution of the problem without refer-
ence to a particular reaction kinetic
expression.

THEORY

For heat transfer between a gas and
a solid wall, analytical relationships are
desired which will delineate the effect
of a chemical reaction occurring in the
boundary layer at a finite rate. A con-
venient way to express the results is to
calculate the ratio of the heat transfer
coefficient with reaction to the coeffi-
cient without reaction, the bulk and
wall temperatures and fluid mechanical
parameters being comparable.

The Chemical Reaction

It will be assumed that the follow-
ing reversible reaction occurs in a mix-
ture of ideal gases:

aA + bB = uU + vV (1)

In addition to the components entering
into the chemical reaction, the gas
stream contains an inert component I.
The homogeneous gas-phase reaction
proceeds at a rate r defined by

moles of A reacting/

(2)
and r is a function of temperature and
gas-phase composition at the fixed
pressure under consideration:

= f(T, Y1, ys, Yo, yv) (3)

It is assumed that reaction (1) may
also occur by a heterogencous mechan-
ism on the wall. The rate of the heter-
ogeneous reaction is defined by
moles of A reacting/

(time) (wall area) = ® (4)
and R is related to the temperature
and composition of the gas adjacent to
the wall by

R = F(Tw: yf‘uu ylfw’ y"wa qu) (5)

The Film Model

In the film-theory model a thin, lami-
nar film of gas is visualized adjacent to

(time) (volume) = r
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the solid wall, separating the wall and the
turbulent core or bulk gas region. There
is no turbulence within the film; the trans-
port processes occur by molecular diffusion
only. In the bulk gas region the eddy dif-
fusivity is assumed to be infinite, and con-
centration and temperature gradients are
absent. The film is so thin, relative to the
bulk region, that the accumulation of a
component or of energy within the film
is negligible compared to the fluxes through
the film; thus the film is assumed to be in
a steady state condition.

Other Assumptions

Two major assumptions or limitations
are imposed upon the analysis:

1. The gas in the bulk region is in
chemical equilibrium.

2. The temperature difference between
the wall and bulk gas is very small.

Because of the first assumption, (Tw-
T,) is the driving force for chemical change
as well as for thermal conduction. Because
of the second assumption, the system will
be in its linear range, and thus g.. will be
proportional to (Tw — T,). These two as-
sumptions permit the diffusion and reac-
tion kinetic equations to be linearized in
such a way that very simple and very
general expression is given to the results.
The significance of these assumptions and
their limitation of the usefulness of the
results are discussed later.

Effects such as frictional heating and
perturbations in the fluid mechanical pa-
rameters due to the diffusion fluxes are of
course not considered in this simplified
film-theory analysis.

Development of Equations
At any point within the film at a

distance x from the wall the following
material balances may be written:

aNy = — uN, (6)
aNV -'_‘-——UNA (7)
aN; = bN. (8)
dN,

dx =7 (9)

The first law of thermodynamics can
be expressed:

CLe(5) + v o
Rl = . =
o k . + N. AH 0

(10)

The multicomponent diffusion equation

for any given component may be writ-
ten

dy. 1

dx

Y N, — Y N,
D,

P ool Taek an

with the restriction that N;, the mole
flux of the inert component, is zero.
For example, with Equation (11), for
component A
dyA _ 1 ( yANB_yBNA
B Dus
y.;N 7 yuN 4
+ +
Dy

dx p
yANv — yvNA
D,y
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nn
- %;-) (12)
and with Equations (8), (7), and (8)
dys  Na [ (bgﬂ——ay;;)
dx ap Dz

_ (uyA + ayu) _(vyA + ayv)
Do Dy
ay:
B D, ]
Writing similar equations for (dys/

dx), etc., and dividing by Equation
(18), one finds the gradients of con-

(13)

Returning to Equation (10), inte-
grating once, and using the boundary
condition at x = 0 to determine the
constant of integration one obtains

dT
(90 4 Nt = — g, 20
)t AH g» (20)

Equation (11), together with Equa-
tions (6), (7), (8), and (17), may be
used to eliminate N, from Equation
(20) to yield a differential equation
for which the linearized solution for
vanishingly small variations in temper-
ature and composition is

k(T —_ To) —PDAAH(yA — yA,,)

centration relative to y.; for example =— qu(x—x5) (21)
[byA-—ayB+byu + uys +byv + oY %]
dyB . Dy Dy Djy Dy, (14)
dy. [ayx —by. | ays + uy. L + VY + a_yz_J
DAB DAU DAV DAI

Solution of Equations

The general solution of the relations
illustrated in Equation (14) is a math-
ematical challenge which need not be
met in the present analysis. The two
assumptions listed previously, that

(To—T,)—>0 (15)
and
To = f(To; yAas yBa’ yUa; yvo) =0
(18)
ensure that variations in the mole frac-
tions of the various components
through the film will be vanishingly
small. Thus a linearized solution of
equations of the form of (14) can be
obtained. ,
Definition of

(%)
1 yro—=\ - ) o

= _— (1T7)
D all%ék Dy

D w;

S, = <_’:_ =

D] Wi
where @, is the stoichiometric multi-
plier of component j and is a positive
value for reactants, a negative one for

products, and zero for an inert gas,
yields for example

=3 ()
Ya— Yao Ds a

and

= Spa

Combining Equations (9) and (10),
assuming k and AH to be independent
of x, one gets

((27) —
dx®

But the restrictions imposed by Equa-
tions (15) and (16) permit the ex-
pansion of r in a linear combination

r=fo(T—T.) + falys — ya,)
+ fa(ys — y=o) + fo(yv — yoo)
+ frlyr —yvo)  (23)

which may be written in a shorthand
manner with the definitions expressed
in Equations (17) and (18)

r=f(T—T,) + fulys—ya,)

where

(22)

(24)
fo = fa + fsSpa + foSva + HSva
(25
Substitution of Equation (24) into

Equation (22) and elimination of (4.
— y4,) by use of Equation (21) yields

r—T) _ mn (T—T,)
dz
mqw
+—5 (z—1) (26)

The solution of Equation (26), subject
to the boundary conditions

[bya., — ayz, n byv, + uys, n byr, + vys, + byz,
_ DAB DBU DBV DBI (18)
ayso— bys,  ayv, + uys,  ayve + VY, ayr, ]
+ +
[ DAB + DAU DAV DAI
If the binary diffusion coefficients are Atz =0, T=T, .
all equal, Equation (18) collapses to Atz=1, T—T, (27)
S, = b i ny’a (19) is then written:
a 40 »
v T—To=<(i)(1—z)
where § =u + v —a — b. h*y
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qw
i
sinh (\/qm z)
tanh (\/qm )
(28

—I—[(Tw——Ta)—

[cosh (Vqm z) —

Differentiating Equation (28) one gets
the temperature gradient in the film:
dl  q.

dz  h*y
~la-r-(3)]

| Vi ok (v )

_ mn cosh (i )
tanh (v/mn)

To obtain an expression for h it is
necessary to find g., and this is done
by using Equation (20) at z = 0:

k (dT
q'w:—_‘ I '_"AH<NA>2:0
Xy dz 2=0

(30)

Now linearizing the heterogeneous re-
action rate in the same manner as
done with the homogeneous rate in
Equation (24)
_(NA)z:O = g = FT(TW - TD)
+Fy(y‘4w_y“0) (31)
and eliminating (y+, — ys,) by means
of Equation (21) one gets

Mh*
- NA =0 — Tw_Ta
(Na) ( N,

14 Fapetr] ()
ok ) (4

= (TW—T‘,)( M:;;" )

()

The substitution of 5 into Equation
{32) is dependent upon the fact that
Fr fr

F, f,
since, for any reacting component, for
example A, the equilibrium relation-
ships for the heterogeneous and ho-
mogeneous reactions must be identical:

~ () _Je _Fi
BT Ch. fA h—.FA

Equitibrium

] (29)

(32)

(33)

const, yg, vy, Yy
(34)

Equation (30) may now be solved by
use of Equation (32) to determine the
mole flux and Equation (29) to deter-
mine the temperature gradient at the
wall. For the latter relationship

(%) -
dz /...,  h¥y

+[(TW—T0)—

qw

h'r’]
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[_\/.".11____] (35)
tanh \/mny

Substitution of Equations (32) and

(35) into Equation (30) and division

by (T.—T,) and by h* yields the

final result:

—_— h j—
b= =
My 4 — Y™
tanh \/my
o () [
7 tanh \/mny

(36)

It should be noted that Equation (36)
is valid for either positive or negative
values of (T, — T,) and of q..

In a recent publication (8) Brokaw
has presented an analysis of thermal
conduction in gases accompanied by
chemical reactions of finite rate. His
model is quite general in regard to
system geometry and thermal accom-
modation coefficients. When Equation
(36) above is applied to the specific
form of the reaction kinetic equation
treated by Brokaw [his Equation (9)1,
the result agrees with Brokaw’s result
for flat-plate geometry with one wall
completely catalytic (corresponding to
the equilibrium in the bulk boundary
condition adopted here).

DISCUSSION OF RESULTS
Noncatalytic Wall

In the absence of a heterogeneous
reaction M = 0, and Equation (36)
becomes

_Vmm

(37)

Figure 1 shows a graphical representa-
tion of Equation (37) in which ¢ is
plotted vs. \/m at several values of =.
The variable ¢ is the factor by which
the chemical reaction increases the

heat transfer rate. The factor m is de-
fined as

foxi’

PDA

___ ¥
 pDu(R®)?

(38)

3
in
|

from which it is clear that m is an in-
dex of how fast the homogeneous reac-
tion is relative to rates of diffusion
through the film. The dimensionless
group m is similar to the Damkohler
Group II (2) except that the deriva-
tive of the reaction rate f, is used
rather than the rate itself. When writ-
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ten in the form with A*, m is expressed
in terms not dependent upon the ideal-
ized film theory model. From Figure 1
it can be seen that, for a fixed value of
n, ¢ approaches unity at low values of
Vm, and ¢ approaches » asymptoti-
cally at high values of \/m. At the first
extreme the reaction is too slow to af-
fect significantly the heat transfer rate;
at the second extreme the reaction is
infinitely rapid, in comparison to diffu-
sion rates, and departures from chemi-
cal equilibrium throughout the film are
insignificant. In the intermediate re-
gion ¢ varies with h® (or x») for fixed
values of f,, k, p, and D, Thus for a
given chemical system at a given pres-
sure, temperature, and composition the
effect of gas flow rate (for example)
upon h will be quite different from the
effect upon h* when m is in this inter-
mediate range. At very high values of
the gas flow rate h® is so large that
the reaction is relatively slow and ¢ ==
1; thus h == h*®. At very low gas flow
rates h* is so small that the same
chemical reaction now appears in-
finitely rapid, and ¢ = »; thus the ef-
fect of G upon h is the same as the
effect of G upon h*. At intermediate
values of the gas flow rate h is less
sensitive to variations in G than is h*.
The reader will appreciate the analogy
between this behavior and the be-
havior of certain systems which involve
simultaneous gas absorption and chem-
ical reaction (3, 4, 18, 38).

When the reaction rate is essentially
infinite, that is at large values of \/m

bo =1 (39)
From the definition of 7
fTAH pDA
=1 —_— 40
7 +— . (40)

it can be seen that (»— 1) is a meas-
ure of how much the chemical equi-
librium shifts with temperature (fr/
f.), of the heat of reaction, and of the
relative rates of diffusion and thermal
conduction.

In order to give more meaning to
the parameters m and 75 consider a
simple example where the chemical re-
action is homogeneous and written as

A=2U (41)
and the kinetic expression is assumed
to be

If there is no inert diluent in the gas
stream, Equation (17) yields

Dy
Da= 43
1+ ya, (43)
SUA = — 1 (44)
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Fig. 1. Effect of a homogeneous reaction on the rate of heat

transfer.

Differentiating Equation (42) with re-
spect to temperature one gets

Py%.,) (dkp>
st (i
f Y~ K ar /,

| Kyl (dKP )
K, dT

The first term in Equation (45) is zero
because chemical equilibrium has been
assumed to prevail in the bulk (see
Appendix); thus the energy of activa-
tion for the forward reaction does not
contribute to fr. The use of the van't
Hoff equation to eliminate (dK,/dT),
in Equation (45) yields
7{1",,P2y0,,2AH kF,,PAHyA,,

" KrRT/ RT.

(46)

Differentiating Equation (42) with re-
spect to y, and yy one gets

(45)

o

fo = ke,P (47)
fo=— 2P2(%> yo,  (48)

Combining Equation (25), (44), (47),

() (2
O RT.? k
[ yao (1 — yso) ]
(1 + ya,)®
Cotalytic Wall

If the homogeneous reaction rate is

negligible

(51)

m==0
and Equation (36) becomes

1+ My

-7 2

¢ 1+ M (52)

In Figure 2 Equation (52) is plotted

as ¢ vs. M at several values of 5. For

any fixed value of 7, ¢ approaches

unity at low values of M, and ¢ ap-

proaches 7 asymptotically at high val-

ues of M. Thus it is seen that ¢, = %

whether the reaction is completely

homogeneous or completely heteroge-
neous.

Some cases of interest may involve
both homogeneous and heterogeneous
reaction rates of approximately equal
importance. For such cases Equation
(86) can be conveniently written as

It should be noted that
M F,

\/'”T \/Pi)zify
and is therefore independent of h* (or
xr); this group is an index of the rate
of the heterogeneous reaction relative

to that of the homogeneous reaction.
Figure 3 shows a plot of Equation
(86a) as ¢ vs. \/m at several values
of M/\/m, all for 4 = 11. Physically
this represents the effect of h* (as at-
fected by gas flow rate, for example)
on ¢ for a given chemical system at
given conditions of temperature and
composition. As would be expected the
presence of the heterogeneous reaction
produces a ¢ value more nearly equal

to ¢, for a given value of \/m.

(58)

LIMITATIONS ON THE RESULTS

Small Temperature Driving Force

The results presented here are for
the limiting case of

(To—T.) =0

This imposes a limitation upon their
usefulness, but it is believed that these
results are still important and useful.
Equation (36) and Figures 1, 2, and
3 evaluate the effects of finite reaction
rates in terms of m and M and indi-

( M ) — Vmn cate the magnitudes of these two pa-
m Vma + tanh \/7o7 rameters which result in a reaction
¢ = ")_ (36a) which is infinitely rapid or one which
M — 1 Vmy is too slow to affect the heat transfer
1+ (—__) Vvm -+ (-—) —_— 1 rate. For moderate values of (T, —
Vm 7 tanh \/my T.) these results can probably be used
and (48) one obtains
y : T
yvo m -
f,,=kraP(1+2PKP0) M/’ = =
L~ ! L1
= kr,P [_1___’__1‘1] (49) é i :/”_‘_,,- o | LM
1— Yo | SEE
The use of Equations (43), (46), and
(49) together with the definitions of
m and 7 gives
[ ke, P o ] [(1 n yA,,)Z] 060! ool oY ~ ) ) 100
" oLy d L1y,

(50)
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Fig. 3. Effect of homogeneous and heterogeneous reactions, n = 11.
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with considerable confidence by evalu-
ating n, m, and M at values of temper-
ature and composition which represent
average values in the film instead of
bulk values. For larger values of (T., —
T,), for which the reaction rate con-
stant varies greatly throughout the
film, the linearized approach presented
here is not applicable, but these results
may still be of value in a qualitative
evaluation of how rapid the reaction is
relative to diffusion rates.

The principal limitation on the linear
rate expression given by Equation
(23) is probably the sensitivity of the
reaction rate to temperature. For a
kinetic equation of the form of Equa-
tion (42) the next term in the Taylor
series expansion of f with respect to T

will be negligible if (17)

AH,
(AE, ——~— RT.)

(T, —T.,)/RT,| <<1 (54)

Chemical Equilibrium in the Bulk

The assumption that chemical equi-
librium prevails in the bulk imposes
no real limitation on the usefulness of
the results presented here for cases in
which the homogeneous reaction pre-
dominates over the heterogeneous reac-
tion in its effect on the heat transfer
process. When the temperature driving
force is small, if a reaction is suffi-
ciently rapid to have an appreciable ef-
fect upon the heat transfer process,
then it is sufficiently rapid to keep the
bulk gas very near to chemical equi-
librium in cases of practical importance
(see Appendix for a quantitative de-
monstration of this assertion).

If the homogeneous reaction is slow
but the heterogeneous reaction is fast
on the other hand, the bulk gas will
not necessarily be in chemical equi-
librium. Then the assumption of equi-
librium in the bulk limits the results
to a very special case lacking in gen-
eral interest. For these reasons the re-
sults presented in Figure 2 are not
nearly so valuable as the other results
of this study, although they do repre-
sent an interesting case for comparison
with the other results.

Applicebility of Film Theory

It is well to consider the extent to
which these results, derived for the
film theory model, might be applicable
to heat transfer to a gas flowing in a
pipe, for example. For an infinitely
rapid reaction, as is approximated in
the nitrogen tetroxide decomposition
studies, it has been shown (6, 23, 24,
30, 34, 37) that for turbulent heat
transfer

d),, = (keﬂ/k)2/3(6'1'31'1'/()1’)1/3 (55)
Poge 326

but (kee/k) =% as defined in this
paper and

(Creee/Co) =9 =1
n fr AH
f/Co [1 + (8/a) ys.]

If all binary pair diffusion coefficients
are equal, then f, =7,, and if in ad-
dition the Lewis number is unity, then
(Crer2/Cp) = (kers/k) and Equation
(55) reduces to Equation (39). Equa-
tion (55) has been verified only for
binary systems, but it might be ex-
pected to apply to multicomponent sys-
tems also.

For cases of finite reaction kinetics
there are no experimental data at pres-
ent to support the validity of Equation
(36) or Figures 1 and 3 even for a
Lewis number of unity. Fay and Rid-
dell (I14) obtained laminar boundary-
layer solutions for heat transfer from
dissociated air, but their calculations
were for a case in which (T,—T.,)
was of the order of 7,000°C., and no
meaningful comparison can be made
between their results and the present
results for small values of (T,—T,).
Despite the lack of confirming experi-
mental or analytical results, experience
with the analogous problem of simul-
tancous gas absorption and chemical
reaction (4, 10, 16, 18, 19, 36, 38)
suggests that Equation (36) might be
a good approximation to the real solu-
tion for turbulent flow if N,. = 1. For
Lewis numbers different from unity it
is suggested that Equation (36) be
used with » replaced by

() ()"
Such a procedure cannct be justified
rigorously, but it is considered to be
the best approximation available at
present, and a similar procedure proved
to be an excellent approximation in an
analogous study involving simultaneous
gas absorption and chemical reaction

(4).

Complex Reaction Mechanism

Finally a word should be said about
the effect of a successive-step chemical
reaction mechanism. If a chemical re-
action proceeds by a successive-step
mechanism involving transient inter-
mediate species, and the various steps
add up to an overall reaction corre-
sponding to Equation (1), the results
of this study, applied by using the
overall reaction equation and an over-
all kinetic equation, would probably
describe the system if all of the inter-
mediate species were relatively short-
lived. On the other hand if some inter-
mediate species were consumed at a
rate which was slow relative to its for-
mation rate and to diffusion rates, the
application of these results based upon
the overall reaction and an overall
kinetic expression would be expected
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to result in serious errors. Such be-
havior was observed in an analogous
problem involving gas absorption and
simultaneous chemical reaction (18).

CONCLUSION

Through the use of a film theory
model, the effect of a chemical reac-
tion upon the rate of heat transfer
from a solid wall to a gas has been
derived for both a homogeneous reac-
tion and a heterogeneous reaction on
the wall. By limiting the analysis to
the case of a very small temperature
driving force and to the case where
the bulk gas is essentially in chemical
equilibrium, it has been possible to ob-
tain a solution to the linearized prob-
lem which is given quite general ex-
pression in terms of partial derivatives
of arbitrary chemical kinetic expres-
sions.

The analysis results in defining two
parameters, m and M, which express
the magnitudes of the homogeneous
and heterogeneous reaction rates, re-
spectively, relative to the rates of dif-
fusion in the boundary layer. Quantita-
tive values of m and M, which define
the regions of slow reaction, infinitely
rapid reaction, and intermediate reac-
tion rate, are presented. In addition in
the intermediate rate range it is shown
how the effect of Reynolds number on
the heat transfer coeflicient differs
markedly from the effect in heat trans-
fer systems which involve no chemical
reaction.

The most serious limitation upon
these results is the uncertainty associ-
ated with the use of the film theory
model. These ideas are presently being
extended to analysis of laminar and
turbulent boundary-layer models, and
these results will be reported later.

NOTATION

A = reactant in chemical reaction

a = stoichiometric factor of reac-
tant A

B = reactant in chemical reaction

b = stoichiometric factor of reac-
tant B

C, = frozen isobaric heat capacity,
cal./ (mole) (°K.)

Crers = equilibrium isobaric heat ca-

pacity, cal./ (mole) (°K.)

D, = binary diffusion coeflicient for
pair A, B; sq.cm./sec., analo-
gous definitions for D.y, Dy,
ete.

D, = effective diffusion coefficient
of component k, sq.cm./sec.,
defined by Equation (17)

F = function relating heterogene-
ous reaction rate to tempera-
ture and composition, moles/
(sec.) (sq.cm.)

Fr = (3F/3T)Yyas Yu Yo, yv evalu-
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F,

fr

fa

fv

fs

h#

L

M

ated at bulk conditions; moles/
(sec.) (sq.cm.} (°K.)
(0F/0ys)r, vs. vo. vv  evaluated
at bulk conditions; moles/
(sec.) (sq.cm.); analogous def-
initions for F;, Fy, Fy

- FA + FBSBA + FUSUA + FVSVA;

moles/ (sec.) {sq.cm.)

function relating homogeneous
reaction rate to temperature
and composition, moles/ (sec.)
(cc.)

(af/aT)vA. YB» VU. YV evaluated
at bulk conditions; moles/
(sec.) (ce.) (°K.)

(8f/0y4) =, vz vo. sv evaluated at
bulk conditions moles/ (sec.)
(ce.); analogous definitions for
fB; fU: fV

fa + f3Sp4 + fuSuvsa + FSvs
moles/ (sec.) (cc.) = (df/dy.)
when T is constant and ys, Yo,
and yy vary with y, as they do
in the film, as dictated both
by reaction stoichiometry and
by the various diffusion coefli-
cients

b+0y110)
fA + ( P Bon fs

—u+0yuﬂ)
+( a + Oya, fo

- 0 o
+< v+ fyv )fv
a + 0ys,

moles/ (sec.) (cc.) == (df/dy.)
when T is constant and ys, yo,
and yr vary with y. as they
would in a closed reacting sys-
tem, as dictated by stoichiom-
etry alone '

= f, if all D, are equal

molal flow rate of gas per unit
width of wall, moles/ (sec.)
(cm.)

heat transfer coefficient in
presence of simultaneous chem-
ical reaction, = qu./(T. —
T.); cal./ (sec.) (sq.cm.) (°K.)
heat transfer coeflicient that
would be found in no chemi-
cal reaction were taking place,
cal./ (sec.) (sq.em.) (°K.) =
k/xr for film theory

inert component in gas mix-
ture

equilibrium constant for reac-
tion in Equation (41)

frozen thermal conductivity,

cal./ (sec.) (ecm.) (°K.)

= equilibrium thermal conduc-

tivity, cal./ (sec.) (cm.) (°K.)
forward rate constant for re-
action in Equation (41),
moles/ (sec.) (cc.) (atm.)

= distance in direction of gas

flow, cm.

= F,xp/pDa for film theory

Fk/pD.h* in general

Yol. 8, No. 3

N,

NL-:

P
qw

R
R

T
SBA
T
U
u
\%4
v

x

Xy
Xo
Y
¥4

fvxr"/pDa for film theory
fk/pDa(h*)® in general
molal flux of component j,
relative to a stationary ob-
server, moles/ (sec.) (sq.cm.)

= Lewis number (u/pD)/(C,p/k),

defined for the special case
when all binary-pair diffusion
coefficients are the same and
equal to D

pressure, atm.

=heat flux through wall, cal./

I

I

(sec.) (sq.cm.);  positive if
heat removed from wall

ideal gas law constant =
1.987 cal./ (mole) (°K.)
heterogeneous reaction rate,
moles/ (sec.) (sq.cm.)
homogeneous reaction
moles/ (sec.) (ce.),

rate,
Equation

(Da/ Ds)(ws/w4) analogous def-
initions for S;., Sya
temperature, °K.

product of chemical reaction
stoichiometric factor of compo-
nent U

product of chemical reaction
stoichiometric factor of com-
ponent V

distance from wall into film,
cm,

thickness of film, cm.
thickness of bulk, cm.

mole fraction in gas phase
x/%p

Greek Letters

0 =u+ov—a—>b

AE = energy of activation for for-
ward reaction in Equation
(41)

AH = enthalpy change of chemical
reaction, cal./(mole of A re-
acting)

€ = rxr0H/q

" =1+ fTAHP@A

, k
7)’ = Creer/Cr =1
6 [ 1 (o |
=1+ (g—1)N,. if all D,
are equal

P = molal density of gas, total
moles/cc.

¢ = h/h*

; = stoichiometric factor of com-
ponent j, taken positive for re-
actants, negative for products,
and zero for inert components

Subscripts

A = component A

B = component B

0 = bulk

U = component U

\% = component V

w = wall

A.1L.Ch.E. Journal

o0

= infinitely rapid chemical reac-
tion
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APPENDIX

It was asserted in the discussion that,
when the temperature driving force is
small and the homogeneous reaction rate
is sufficiently rapid to have an appreciable
effect upon the heat transfer process, the
assumption that chemical equilibrium pre-
vails in the bulk is a good one for cases
of practical importance. It is the purpose
of this development to demonstrate the
truth of this assertion.

Mn +

(T —-T,)
—_— = m(T — T,)
dz*
mquw ( 1 roxr®AH (A2)
Z — _— 2=
+ X -+ P
Equation (29) becomes
daT Gw [ fuh® — (T
G e LA
T‘.XIPAH . —
—T,) — ————— | \/mn sinh (\/mn z)
kmn
w oxr’AH
A (Tw—T) =
nh* kmn
tanh \/m—n
roxr*AH
kmn - -
———— \/mn COSh (\/mn Z)
sinh \/mn

(A3)
Equation (31) is changed to
— (Ni)so =R = Fz(Tw —T.)
+ Fy(yaw —ys,) + R (A4)

where R, is the heterogeneous reaction
rate that would result at a wall contacted
with a gas at the temperature and com-
position of the bulk gas. Equation (36) is
changed to

¢ =

[1+M+-Tl—l(—l/ﬂ'——1)+

tanh \/mn

Consider first the effect of a departure
from equilibrium in the bulk. The mathe-
matical development presented previously
is altered in the following respects:
Equation (24) is changed to

r=fr(T —To) + fulys — ya,) + 1o
(A1)

where 7, is the homogeneous reaction rate
in the bulk. This results in Equation (26)
being changed to

Vmn
tanh /mn
Vmn ( o 1)
tanh \/mn “cosh \/mn

(roxrAH/q o)

mn

—_ (?oAH/qw) ] (A5)

Figure Al is a plot of Equation (A5)
forn = 11 and for Re = 0 and M = 0,
at various values of

roxrAH

Gu

It can be seen from Figure Al that, in
the absence of a heterogeneous reaction, if

€ =

10 T ]
]
— 7z
3 /,/
¢ a4
l ,/V V1
[ :”—o.n/
C
X
€ =<1
0.5o I
¥ 0.3 ! 3 10

Fig. Al. Effect of departure from chemical equilibrium in the bulk, n =
11, no heterogeneous reaction
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M < 0.1

the departure from equilibrium in the
bulk has a very small effect upon the

computed answer, except at values of \/m
so low that ¢ == 1 as read from Figure 1.

The next problem is to evaluate the
magnitude of e to be encountered in cases
of practical importance. Consider the flow
of a reacting gas past a wall of different
temperature, as sketched in Figure A2.
Even if the bulk gas is in chemical equi-
librium when the gas contacts the leading
edge of the wall, as it flows down in the
L direction there will generally be an im-
balance between the heat transfer rate to
the bulk gas and the diffusion of reactants
from the bulk gas which will cause the
bulk gas to depart from chemical equilib-
rium, When it does, the homogeneous re-
action rate in the bulk r, will build up
tending to cancel this imbalance. At some
point r, will be at a steady state value,
and it will not change appreciably with
distance in the L direction. The magnitude
of this steady state value of . will be de-
termined in the following analysis.

For simplicity it will be assumed that
the heterogeneous reaction rate is negli-
gible. When one refers to Figure A2 and
remembers that the accumulation of mat-
ter or of energy in the film is negligible,
a material balance on the bulk gas gives

G (dyA,,/dL)
0
1 + (_) (y‘io)
a

with piston flow of the gas in the bulk
and axial diffusion neglected. Likewise ap-
plying the first law of thermodynamics to
the bulk, neglecting axial conduction, one

gets

GC, (dT,/dL) = qw
+ AH(Ny4) .oy — %ot oAH

(A8)

(A7)

assuming that the heat capacity of the gas
stream is constant.
If 7, has reached its steady state value

dr.

=0 (A8B)
dL
and thus
dya,/dL
Uya/dl) e, (A9)
(dT./dL)
Distance From =
Leading Edge
|
|
FiLM | BULK
|
|
S |
£ T
= |
|| G = Gas Flow Rate,
| moles/(secHunit width of wall)
|
{
0_")( Xg *

Fig. A2. The heat transfer system.
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Dividing Equation (A6) by Equation
(A7) and then using Equation (A9) to
eliminate (dy.,/dL)/(dT./dL) one gets
qw/AH
L1
(n"—1)
(A10)

Now in the absence of a heterogeneous
reaction

ToXo — (NA)z:lz

1

— (Nu),oy = 1r5

(A11)

where rr is the average value of r in the
film. Thus Equation (Al0) can be writ-
ten

;FprH roxrAH Xq
+ T )
Gw Gw Xy
! (A12)
N 1

1+

(v —1)

There remains the problem of evaluat-
ing the first term in Equation (A12). This

Vm

TasLE Al. STEADY STATE VALUES OF THE

Burk Reaction RATE

n==11, »n' =11
TaxFAH
— €=

Vm Guw

xo/xr = 100 xo/xr = 10
0.15 0.008 0.075
0.3 0.006 0.055
0.9 0.0009 0.0087
1.66 0.000074 0.00074

when one assumes that the heterogeneous
reaction rate is negligible. Evaluating the
(dT/dz) terms in Equation (A13) by
using Equation (A3) and then eliminating
(r=xrAH/qw) by using Equation (A12)
one gets

1 Xo
n

Xr

Vmn

;:4- (1—o/n) (sinh \/W)_(

21— e/m) (ﬂ)+(

n tanh \/mn

term is the ratio of the energy absorbed
by the chemical reaction within the film
to the wall heat flux, and it is given by

rexsAH dT/dz),,
77X —1 ( / Z) = (A13)

o T (dT/dz) .,

V/mn_

tanh \/m_n) (1 - coshl\/-mﬁ]—“) ( nq:_n) )
2

tanh \/;rTrr) (l_coshl\/m—n) (mn ) )

(Al14)

For given values of (x,/xr), m, m, and v’
Equation (Al4) can be solved simul-
taneously with Figure Al [or Equation
(A5) with no heterogeneous reaction] to
yield the value of e.

For the simple case in which all binary-
pair diffusion coeflicients are equal

T]'—l:(’n——l)NLe (A15)
With this simplification for 4 = 11 and
Ni, = 1, v = 11. The solution to Equa-
tion (Al4) for this case is shown in Table
Al.

When one compares Table Al with
Figure Al, it is clear that the assumption
that r, = 0 is an excellent one if

Xo/xr > 10 (Al16)

If inequality (A16) did not hold, the basic
notion of the film theory, that the film
holdup is negligible, is open to serious
question. Furthermore for most practical
cases involving turbulent flow inequality
(A186) should surely be satisfied.

The foregoing analysis leads to the con-
clusion that for cases of practical impor-
tance the steady state value of 7, required
to account for the imbalance in heat trans-
fer to the bulk and diffusion of reactants
from the bulk is so small that it has a
negligible effect upon the results as pre-
sented in Figure 1. It is also clear that if
t. is not equal to its steady state value at
the leading edge of the wall (that is the
inflow boundary condition), it will rapidly
approach that steady state value as the
gas flows down in the L direction. This
basic conclusion is unaltered if the fore-
going analysis is repeated for other values
of n and for other values of the Lewis
number.

On the other hand if the heterogeneous
reaction is rapid enocugh to produce a
large value of (¢ — 1) while the homo-
geneous reaction is so slow that it would,
in the absence of the heterogeneous reac-
tion, produce a small value of (¢ — 1),
then clearly the assumption of chemical
equilibrium in the bulk is not justified in
general.

Binary Liquid Diffusion Coefficients

MUSA R. KAMAL and L. N. CANJAR

Carnegie Institute of Technology, Pittsburgh, Pennsylvania

The present work proposes a new approach for the calculation of the diffusion coefficients
in binary liquid systems. The proposed equation is based on the results obtained by statistical
mechonics of transport phenomena in dense media. 1t does not include viscosity explicitly, and
the variables required for the calculation are fundaomental in nature; these are the free volume
of a molecule obtainable from physical measurements such as velocity of sound and the heat
of vaporization of the solute. In spite of its theoretical background, the proposed correlation
obtains results on fifty-six different solute-solvent systems with about 139% deviation from the
experimental results. The effect of concentration on the diffusion coefficient is very easy to deter-
mine and is more in accord with experimental results than can be predicted by other available

correlations.

The available correlations for the
prediction of diffusion coefficients may
Musa R. Kamal is at Stamford Laboratories,

American Cyanamid Company, Stamford, Connec-
ticut.
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be divided into two classes. In the
first class theoretical correlations based
on the works of Einstein (11), Eyring
(12, 14) and Hill (18, 19) are in-
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cluded. Einsteins approach is based
on the kinetic theory and Brownian
motion. Eyring employs the hole the-
ory for the liquid state and the activa-
tion energy consideration to obtain an
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